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Introduction 
This paper deals with the problem of constructing a general 
mathematical model for the simulation of the dynamical 
behaviour of a system consisting of a gas flowing in a two- 
dimensional duct with small-sized particles flowing with the 
gas itself. These particles, in particular, can be clusters, 
aerosol particles or droplets. It should be noted that 
systems of the aforementioned type can be found in various 
fields of physical and engineering sciences, for instance 
aeronautical,’ nuclear,2*3 and environmental sciences.4 In 
particular, a general review of the present state of research 
on gas dynamics with solid particles has been presented by 
Rudinger.’ 
As Rudinge? has indicated, this field of research is still 
open and a mathematical model, sufficiently broad to 
include all the pertinent physical aspects of the phenomena 
is not available. In particular there are three points which, 
in the present authors’ opinion, need to be analysed with 
the aim of constructing such a general mathematical model : 
(a) The evolution equation of a particle dispersed in a 
molecular stream requires, to be fully identified, the 
modelling of the actions between gas and particle, and, for 
particles with a size of the same order as the mean free path 
of the gas molecule, the effects at the molecular scale must 
be considered. 
(b) The particles, dispersed in the gas environment, are not, 
because of the large number of particles of the system, 
distinguishable and observable. Thus a model defining the 
probabilitistic evolution of the system seems to be more 
consistent with the real system than the deterministic one. 
(c) The flow conditions can be determined, for ducts with 
cross sectional dimensions of the same order of the mean 
free path of the gas molecules, only on the basis of the 
physical models of the kinetic theory of gases. 
These three points have been studied separately, but not 
together, by various authors. See for example Monaco6 on 
the first point, Bellomo and Pistone on the second point, 
and Cercignanis on the third point. The main purpose of 
this paper is to supply a methodology to construct a general 
mathematical model which can take the above three aspects 
of thd problem into account (as already suggested in the 
conclusions of the review by Wuest).’ 
Ma thematical description of the problem 
A two-dimensional duct of assigned geometry is given. The 
height H of the duct is given by an equation H = H(z), where 
z is the coordinate of the centreline of the duct itself. A 
point B inside the duct is defmed by its coordinates (y, z): 
B=B(y,z)EDgCR2. 
The physical system can be defined according to the 
following set of assumptions and properties :
A.1 : 
A.2: 
A.31 
the flow conditions of the molecular stream in the 
duct are steady and defined by the following variable: 
u ={V,p, T},u =u(B). 
a population of spherical non-distinguishable objects 
flows together with the molecular stream. The state 
of each object is defined by the variable : 
x=x(t)={U,R,0,y,z)ED,CR6, tEICR+ 
The probabilitistic state of the system is defined by 
the probability density P = P(x; t) on x, and by the 
number v = v(t) of objects. 
no limitation is assumed on the ratio between the 
mean free path of the gas molecules and R or H. 
In the above assumptions V and U are the velocities of 
the stream and of the particle, which can be written as 
follows: 
V = V(B) = V,,j + VZk U= U(B)=jj+ik (1) 
p = p(B) and T = T(B) are the mass density and the tempera- 
ture of the gas stream. R = R(t), 0 = O(t), y = y(t) and 
z = z(t) are radius, temperature and coordinates of the 
spherical particle. 
Remark I. According to Crowe et al.,” in a first approxi- 
mation, the calculation of u can be realized neglecting the 
presence of objects. Then the knowledge of the state of the 
system can be utilized for determining the source term for 
the recalculation of u without neglecting the presence of 
the objects. 
The objectives which constitute the aims of this piece of 
research are the following: 
(a) To supply a methodology for constructing, at given 
u = u(B), a model equation : 
.i = qx, x(t=O)=x, (2) 
suitable to define the deterministic time evolution of the 
state-variable x(t) of a single object. 
(b) To define a mathematical model capable of giving the 
mapping : 
{v, = v(t = O), PO = P(x, t = 0)) + {v(t), P(x, t)} 
at given initial condition (v,, PO) and boundary conditions 
(3, PJ, where 3(t) is the rate of inlet 
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se&&, z = Z’ W,%X P, ;r3 $!iX p1+“+“.iti*j &X%S~F~ of ++I% 
objects which are inserted into the said section and is given 
as follows: 
P,=PbI(U,R,0,y).6(z -z’) 
where F denotes the Dirac delta distribution. 
Deterministic mathematical modelling 
This section suggests, within the class of physical systems 
defined in the preceding section, a mathematical model 
capable of defining the deterministic time-evolution of the 
sta~W~~“&&-x-~~’ ,1c a” S&Y& &;W. T&Y iZ&~~“*c~~ +} 
approach, p&osed, consists ofa first step wkece tke 
mathematical model is outlined by a set of axioms sufficient 
to include a large class of physical systems; and a second 
step where, by means of the equations of classical mechanics 
and thermodynamics, these axioms are transformed into an 
ordinary differential equation. 
Accordingly, to obtain a general deterministic model, 
let us formulate the following set of axioms: 
H.l 
H.2 
H.3 
H.4 
The inner gradients of temperature and pressure 
inside the particle, because of the dimensions of the 
particle itself, are negligible. 
The mass flux $M through the outer surface of the 
particle, from the particle to the gas, is given by an 
expression of the following type: 
GM = 47rRz’PM(x; u); \k~=(l/8)PI~-~lCN(x;u) 
(4) 
The energy flux through the outer surface of the 
particle, from the particle to the gas, is given by an 
expression of the following type : 
~E=47TR*[~~(X;U)+~~(X.;U)]; 
‘I’$PM=(1/8)pIY- U13C;,M(x;~) (5) 
where *$ considers the energy transferred by colli- 
sions of the gas-molecules with the outer surface of 
the particle, and 9gconsiders the energy transferred 
by the mass flux through the outer surface of the 
particle. 
The mass density pW inside the particle and its specific 
heat (at constant pressure) c are phenomenologically 
known functions of 0 only. However, a temperature 
bound $ exists such that @,/a0 - ac/iM - 0, V’8 > 8. 
It is plain that a full identification of the aerothermo- 
dynamical coefficients C,, C,, C,, functions of the state 
of the object and df the state of the stream in the place 
occupied by the object, can be reabzed only when the 
lphysica1 nature of the particle is specified (dropM, s&d 
grains, cluster . .). If the said functions are supposed 
known, after the pertinent physical analysis of the problem, 
a state equation on the variable x can be obtained by means 
of the equations of the mass flux, of the energy flux and of 
the motion, which, respectively, can be written as follows: 
aM = - d(p w47-rR3/3)/dt 
aE = ~ d(pw4nR3c/3)/dt 
D = d(pW4nR3U/3)/dt (6) 
where 0 > 0 and the weight-forces are neglected with 
respect to the aerodynamical drag D on the particle. If the 
following change of variable is set: 
z =x1 y=x2 i=x, $=x4 R=x5 e=xfj 
i = F(x; u, t) = &(x; u, t) + $!+; t) x(t=O)=x, 
(7) 
where E = p/pw and: 
a, = 0 $,=x3 
@z=O $2=x4 
@3 = {3W(x)/Sxs>~C,(x; u)(V, - x3) + Gv(x; u) x31 
$3=0 
a4 = {~w(~)I~x~~{C~(X; u)(v, - xq) +Cdx; U) x4j 
$4=0 
@s = - W(x)/81 CA+; u) $5=0 
a6 = {3W(x)/8x5}{-Cdx;u) W*(x)c-‘+Crv(x;u)x,> 
Ge=O (8) 
where : 
W(x) = {(V, - x3)2 + (V, - x4)2j1’2 (9) 
Remark II. If B = B(t) denotes the substantial location 
of the particle, the vector u = u(B) must be regarded as a 
function of time. 
Remark III. If the functions CD, C,, C, are analytical, 
continuous and bounded mapping from D,xI into their 
ranges (as also the physics of the problem implies), and if 
x5 > 0, the equation (7) satisfies the Lipschitz condition: 
IImx,)-m,x,)ll <LllXl -x211 
and the local solution of equation (7) exists. 
The determination of the functions u(B) relative to the 
flow conditions in the duct is not affected by the presence 
of the particles (according to Remark I) and, considering 
that it must take into account the physical conditions 
defined in A.3, the mathematical model of the statistical 
kinetic theory of gases seems to be more efficient than 
that of continuum mechanics. 
This objective can be pursued solving, with the pertinent 
boundary conditions, the B.G.K. model of the Boltzmann 
equation: 
T = (5 - V” f(t; B) dSlW/m f(T; B) d<) (11) 
. 
where f(<; B) is the distribution function, in the phase-space, 
of the velocities { = {,j + czk of the gas-molecules, h, is the 
collision frequency and k is the Boltzmann constant. As 
is known,8 if equation (10) is linearized, some analytical 
approximate solutions of the said equations and of the 
macroscopic quantities, obtained as momenta off, are 
known. Otherwise it must be treated numerically. 
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Remark IV. The functions CE, C, and Co can be 
obtained solving directly or by means of model solutions,6 
equation (10) with the pertinent boundary conditions on 
the surface of the object and on the external flow. 
Examples of calculations of this kind are given in reference 
6 for CD, in reference 12 for the CE for solid particles and 
in reference 13 for the C, and C, of liquid droplets. 
Mathematical modelling of the stochastic system 
and discussion 
Let us now take into account the system of a population of 
non-distinguishable objects flowing in the duct. If the 
number of objects is a constant quantity, then the problem 
can be considered an initial value one with random initial 
conditions and the main theorem proposed in reference 7 
can be applied in the following form: 
Lemma I. If P(xe, t = 0) is the random initial condition 
of the system of particles and if the evolution equation on 
x is an ordinary differential equation, of the type of 
equation (2) with the functions F derivable to all the argu- 
ments xi, then the probability density p(x, t) is given by: 
p(x, t) = J(t, ~0) p(xo, 0), where J is the jacobian of the 
transformation x +x0 and is given, together with x(t, x0) 
by solution of the following augmented differential 
equation : 
g = G(g, t) g = {x, J} G = {F, -J(V . F)} 
g(0) = ho, 11 (12) 
This result, which applies to initial value problems, can 
be extended to boundary value problems as they have been 
defined at the point (b) of the second section. Considering 
that it has been shown”4>7*11 that Lemma 1 can be con- 
sidered a good method to obtain quantitative results, the 
extension defined at the point (b) can be considered a 
necessary step in order to obtain quantitative results in the 
class of systems with variable number of objects as they 
have been defmed in this paper. Accordingly, let us propose 
the following Lemma : 
Lemma II. The boundary value problem defined by the 
quantities {v,, PO, C(t), P,, z’, F} is equivalent to the initial 
value problem defied by the quantities : {ve, PO”, Fe, t} 
where : 
t 
ve=v + 0 s i(s) ds 
0 
P:= (I/v~){P,v~ +(av*(t,~)/a~) pb/qZ -z’)} 
z<z’*Fe=Q z>z”Fe=F 
and where the function v*(t; z), which appears in the 
expression of PO”, is defined for t E I and z < z’ and depends 
on z in a way such that: 
(av*(t; z)/az) dz 
and 
i = constant, i, = constant * (afyt, z)/az) = ti/ 
Proof. The number of new objects inlet into the duct in 
the time interval [0, t] is given by: 
v(t) = C(s) ds 
s 
0 
these objects can be assumed as materialized by virtual 
objects which at t = 0 are in the zone z <z’, the state x of 
these objects being constant in this zone, F(z <z’) = 0, 
with position and velocity such that to allow their inlet 
into the duct in the section z = z’ at a time between 0 and 
t. 
If dv*(t; z) = (av*(t; z)/az) dz is the number of virtual 
objects, which at t = 0 have a position z such that 
z E [z, z + dz], then the probability density that a virtual 
particle is in z is given by: 
pZ(z, t) = (llv(t))(av*(z, t)iaz) 
v(t) = s (av*(t, zyaz) dz 
Moreover: 
Z<Z’ 
F(z <z’) = 0 + P,, = constant 
consequently : 
po"(x,t)=p,(z,t)pbl(Y,d,i,R,e),z<z' 
where Pl is the probability density of the virtual objects at 
the time t = 0. Finally, with regard to Pt, considering the 
inlet of new objects: 
P,e = (I/#) [P,vo + Po”v] 
= (I/ve)[POvO+(av*(t,z)/az) pbli 
ve = vg tv(t) 
which if the function v* is known as in the case i = constant 
i, = constant; in fact in this case, which is usual in practice, 
v* can be assumed time-independent and linear in z, 
Z 
Ij= ,4 1 (av*/az) d2 = (av*/az) i + av*laz = 5/i 
z’ 
Moreover Fe must be such that the evolution equation (7) 
is applied when the object is actually in the duct (z > z’ * 
Fe = F) and no evolution is possible when z <z’, F = 0. 
Thus Lemma II is proved by the analytical reorganization 
of the above arguments. 
Finally it should be noted that this paper defines a 
general method to deal with the dynamic physical systems 
constituted by a gas flowing in a two-dimensional duct with 
small-sized particles. The flow-chart indicated in Figure I 
summarizes the proposed model and indicates how both 
the model of the continuum mechanics and that of the 
kinetic theory of gases can be utilized in order to obtain 
the model evolution equation and how the stochasticity of 
the system enters into the mathematical formulation of the 
problem. 
Two constructive theorems are also proposed in order 
to obtain quantitative results by solution of an initial 
value problem. It should be noted that equation (7) con- 
tams the small parameter E (in fact the mass density of the 
gas is smaller than that of the particle and this supplies the 
possibility of application of perturbation techniques as 
indicated in some recent work (some in progress,14 published 
by the second author in the proceedings of the 1980 
meeting of the Italian Association of Theoretical and 
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1 Time-evolutlon( 
Momentum 
Molecular scale 
Momentum 
Model solutions 
of the Boltzmann 
Time - evolut!on ‘I of a multi-&Jects population as a stochastic process: P(x,O) PCx,f) and moments 
Sarce term 
Figure 7 Flow chart: model construction 
Applied Mechanics), which apply the methodology 
suggested by this present research note. 
Acknowledgements 
This Work has been Carrie& out under Ihe auspices of Ihe 
Italian Council for Research: C.N.R., G.N.F.M., sponsored 
by the Comitato Nazionale per la Matematica with Grant 
No. 80.02325.01. 
References 
1 
2 
3 
4 
5 
6 
I 
8 
9 
10 
11 
12 
13 
14 
Elsebernard, A. and Hoffman, J. A.I.A.A. J. 1974, 3,283 
Hamel, B. In ‘Rarefied gas dynamics’ (ed. Potter, J.), A.Z.A.A. 
Progress no. 53, Washington, Vol. 1, 1911 
Bellomo N. et al. In ‘Two-phase momentum, heat and mass 
transfer’, (ed. Durst, F. er al.), Vol. 2, 1979 
Bellomo, N. and Monaco, R. Appl. Math. Modelling 1979, 1, 
41 
Rudinger, G. ‘Flow of solid particles in gases’, AGARDograph, 
no. 222,1976 
Monaco, R. Acta Mechanica 1978,29, 215 
Bellomo, N. and Pistone, G. Mech. Rex Comm. 1979,2,X 
Cercignani, C. ‘Theory and application of the Boltzmann 
equation’, Scottish Academic Press, Edinburgh, 1975 
Wuest, W. In ‘Flow of solid particles on gases’ (ed. Rudinger, C.) 
ARGARDograph, no. 222,1976 
Crowe, C. et al. J. Fluids Eng. 1911,5, 325 
Bellomo, N. and Pistone, G. In ‘Volterra equations’, Lecture 
Notes in Maths, no. 727, Springer, Berlin, 1980 
Monaco, R. and Palamara, A. Appl. Math. Modelling 1980, 1, 
325 
Monaco, R. Int. J. Heat Mass Transfer 1979,6, 805 
Larosa, S. and Rizzi, G. Proc. Italian Assoc. Theor. Appl. 
Mech. 1980, 7, 151 
208 Appl. Math. Modelling, 1981, Vol. 5, June 1981 
